Abstract. Let be a prime and λ, j ≥ 0 be an integer. Suppose that f (z) = n a(n)q n is a weakly holomorphic modular form of weight λ + 1 2
Introduction
Much is known about the divisibility of the Fourier coefficients of modular forms of integral weight. When the weight is half-integral, the situation is not as clear. The distribution of the coefficients of modular forms of half-integral weight in congruence classes has been studied by, among others, Balog, Darmon, and Ono [5] , Ono and Skinner [14] , [15] , Brunier [6] , Bruinier and Ono [7] , and Ahlgren and Boylan [1] , [2] . In this paper, we study congruences for weakly holomorphic modular forms of half-integral weight such that the constant terms of their q-expansions are not zero modulo a prime .
Suppose that λ is an integer and N is a positive integer with 4|N . We denote the space of modular forms (resp. cusp forms) of weight λ + 1 2 on the congruence subgroup Γ 0 (N ) with Dirichlet character χ by M λ+ 1 2 (Γ 0 (N ), χ) (resp. S λ+ 1 2 (Γ 0 (N ), χ)). Let M λ+ 1 2 (Γ 0 (N )) be the space of weakly holomorphic modular forms of weight λ + Recently it was proved in [7] and [2] that
has a special form
is not well-distributed for an odd prime j . From these results, it is a natural question to ask what can be said about modular forms of half-integral weight whose coefficients are supported on finitely many square classes modulo . For the question in positive characteristic, Balog, Darmon and Ono gave the following conjecture.
Conjecture A (Conjecture A in [5]). Suppose that λ is a nonnegative integer, that N is a positive integer 4|N , and is an odd prime. If
is a modular form whose coefficients are almost all (but not all) divisible by , then either λ ≡ 0 (mod
2 ). In [2] Ahlgren and Boylan proved that if f (z) is a modular form whose coefficients are supported on finitely many square classes modulo , then, as predicted by Conjecture A, the values of λ are restricted.
Theorem (Theorem 2 in [2]). Suppose that we have the following hypotheses:
(i) λ ≥ 2 is an integer, N is a positive integer with 4|N , and χ is a real Dirichlet character modulo N .
(iv) f (z) ≡ 0 (mod ), and there are finitely many square-free integers n 1 , n 2 , . . . , n t such that
. 
In the following theorem, we prove that, under the additional restriction that
(Γ 0 (N )) and a(0) ≡ 0 (mod ), Conjecture A is true. 
and λ ≤ − 2, the results of [2] and [8] establish that Conjecture A is true.
Note that if a cusp form of half-integral weight is not well-distributed for j , then its coefficients are supported on finitely many square classes modulo . So, our following theorem is an analog of the result of Ahlgren and Boylan (Theorem 2 in [2] ) for weakly holomorphic modular forms of half-integral weight such that the constant terms of their q-expansions are not zero modulo .
Theorem 2. Suppose that λ is an integer, that N is a positive integer 4|N , and ≥ 5 is a prime. Suppose that
Suppose further that a(0) ≡ 0 (mod ) and that f (z) is not well-distributed for j , where j is a positive integer.
(
2 ). Let p(n) be the ordinary partition function. Ramanujan found the following congruences for p(n):
Moreover, he claimed that if 0 ≤ β < is an integer for which
for every nonnegative integer n, then ( , β) ∈ {(5, 4), (7, 5) , (11, 6) }. This conjecture was proved in [1] by Ahlgren and Boylan. Suppose that β ∈ {0, 1, . . . , − 1} and
D. CHOI
We say that there is a congruence for
the claim of Ramanujan implies that if there is a congruence for the weakly holomorphic modular form
In the following theorem, we prove that if a(0) ≡ 0 (mod ) and there is a congruence for f (z) at ( , β), then, as Ramanujan's congruences for the ordinary partition function, the prime is restricted.
Theorem 3. Suppose that λ is an integer, that N is a positive integer 4|N , and ≥ 5 is a prime. Suppose that
As an application of our main theorems, we study congruences for the values of the overpartition function. Example 1.2. The overpartition of a natural number n is a partition of n in which the first occurrence of a number may be overlined (see [9] for more about overpartition). Let P (n) be the number of the overpartition of an integer n. It turns out that
and that
(Γ 0 (16)) (see [9] ). So, using Theorems 2 and 3, we have the following congruence properties for P (n). Suppose that ≥ 7 is a prime.
(1) Then, for every integer r and j > 0,
(2) Then for a sufficiently large integer M there does not exist an integer β,
The proofs of our theorems are obtained by studying filtrations of modular forms modulo and the combinatorial properties of Tate cycles. We remark that much of our argument is based on the work of Bruinier and Ono [7] and of Ahlgren and Boylan [1] , [3] , [4] . This paper is organized as follows. In Section 2 we recall some basic properties of the filtration of a modular form modulo . In Section 3 we give the proof of Theorem 2. In Section 4 we prove Theorems 1 and 3.
Modular forms mod
Throughout this section, we fix an integer N ≥ 1 and a prime N . We will recall the definitions and results that will be needed for our proof. The theory of modular forms modulo was developed by Serre [16] and Swinnerton-Dyer [17] for forms of level 1. We will recall the definitions and results that will be needed for the next section. For proofs when N ≥ 4 and N , see Gross [11] . Denote by M k the space of modular forms of weight k on Γ 1 (N ) with integer
] be the (coefficient-wise) reduction of f mod . We write M k := {f |f ∈ M k } for the space of weight k modular forms modulo with level N .
The filtration ω(f ) of a modular formf ∈ M k is defined to be
For a positive integer m, the operator U m acts on q-expansions by
Note that if T denotes the -th Hecke operator on M k , then f |T ≡ f |U (mod ), so U acts on the spaces M k and ω(f ) ≥ ω(f |U ). We define the theta operator by its effect on Fourier expansions:
We record some basic properties of the filtration of a modular form modulo .
Lemma 2.1 ([11] , [14] , [17] 
) Suppose that f is not a constant modulo . Then ω(θf ) ≤ ω(f ) + + 1 with equality if and only if ω(f ) ≡ 0 (mod ).

Proof of Theorem 2
Recall that T (z) = 1 + 2
(Γ 0 (4)). We begin with a lemma. 4|N , and ≥ 5 is a prime such that N . Suppose that
Lemma 3.1. Suppose that λ is a nonnegative integer, that N is a positive integer
Then, using Lemma 2.1 (6), we have that there is an integer 1
Thus, we have
Let G(z) := f (z)T (z) and ω(θG(z)) := + r, r ∈ Z. Then +3 2 ≤ r ≤ by Lemma 2.1 (6). Now we consider the value ω(θ +1 2 G(z)). Using Lemma 2.1 (3) and (5), we obtain
where α is a nonnegative integer. Thus, Lemma 2.1 (6) implies that
Thus, from (3.2) we have
Note that ω(θ −r+2 G(z)) ≡ 1 + α (mod ) and 1 + α > 0. Since
Noting that ω(θ −r+2 G(z)) > 0 by Lemma 2.1 (1), we have
Since ω(θG(z)) ≤ 2 , we have
Combining (3.1) and Lemma 2.1 (6), we have ω(θG(z)) = + r = ω(G(z)) + + 1. This completes the proof.
In the following lemma, we prove that f (z)|U m is not equal to a constant modulo .
Lemma 3.2. Suppose that λ is an integer, that N is a positive integer 4|N , and ≥ 5 is a prime such that
N . Let
Proof of Lemma 3.2. Suppose that f (z)|U ≡ a(0) (mod ). Take a cusp form g(z)
∈ S λ+ 1 2
is holomorphic at all the cusps of Γ 0 (N ). Since
Thus, the difference of the weights of g(z) 2 and f (z)
This contradicts that the weights of g(z)
2 and f (z) 2 (g(z) |U ) 2 are odd and even, respectively. Thus, we complete the proof.
Using the following lemma, we can take a positive integer α such that 4|N , and ≥ 5 is a prime such that N . Suppose that
Lemma 3.3. Suppose that λ is a nonnegative integer, that N is a positive integer
Proof of Lemma 3.3. Note that
and ω(θ(f (z))) ≤ ω(f (z)) + + 1. Thus, using Lemma 2.1 (4) and (6), we have
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2 ). This completes the proof.
With the previous lemmas, we can prove Theorem 2. Our argument for the proof of Theorem 2 is based on the work of Bruinier and Ono [7] and of Ahlgren and Boylan [1] , [3] , [4] .
Proof of Theorem 2. First, we assume that gcd( , N ) = 1. Let
By the well-known properties of eta-quotients (see [10] ) and Proposition 3.2 in [18] , there exist positive integers r 0 , v 0 such that for every integer r ≥ r 0 and v ≥ v 0
Note that
and that λ ≡ λ (mod − 1).
Following the argument of Theorem 3.37 of [13] , we have that, for each integer r ≥ r 0 , there are finitely many square-free integers n 1 , n 2 , . . . , n t such that
From Proposition 5.1 of [4] there exists a modular form
Using Lemma 3.3, there exists a positive integer α such that
Moreover, Lemma 3.2 implies that
2 ). From now on we assume that
From (3.4) there are finitely many square-free integers n 1 , n 2 , . . . , n t such that
Let χ be a real Dirichlet character modulo a prime p N . Note that
(see Chapter 3 in [13] Following the argument of the proof of Theorem 2, we can find an integer n v ∈ {n 1 , . . . , n t }, primes p v,1 , . . . , p v,s v greater than , and a modular form F v (z) with the following properties: 
